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Min-Mmax formulations are
everywhere

(more generally game-theoretic formulations)



of Increasing importance In
modern ML



still a lot to explore In terms of:
1. Applications

2. Methods



Structure of my talk

1. Applications
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APPLICATIONS



Generative Adversarial Networks

Both differentiable ‘

Generator network, G Z
Given latent code, z, produces sample G(z)

Discriminator network, D
Given sample x or G(z), estimates probability it is real /

DAT.

min max V(D,G) = Eqz~p,[log D(2)] + E.~p, [log(1 — D(G(2)))]
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Generative Adversarial Networks

source

destination

Coarse styles copied
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Min-max = optimize worst case

"uncertainty set": random realization w drawn from set Q)
max min f(x, o).
x€X weld

e Operations research (planning for worst-case demand)

e Telecommunications (beamforming)

e Policy design
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Lately: Connections to
causality

*Robust to many environments” ~= “Causal” understanding

Invariant risk minimization [ Arjovsky et al, 2019]

*Max robustness” = Causality [Buhlmann, 2018]



Exciting modern ML applications

1. Out-of-distribution generalization
a. Meta: studying generalization
2. Performative prediction

3. Fairness in ML
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Robust generalization measures

Goal:

e Use a robust prediction framework to evaluate generalization
measures
o i.e. good measure predicts generalization error in a wide
variety of interesting settings
e Spoiler: No existing measure in literature is robustly predictive!
e Collaboration with UofT Stats/Vector, ElementAl
e NeurlPS 2020
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INn Search of Robust Measures of
Generalization

Gintare Karolina Dziugaite, Alexandre Drouin, Brady Neal, Nitarshan
Rajkumar, Ethan Caballero, Linbo Wang, loannis Mitliagkas, Daniel Roy
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Robust generalization measures

= max == 90th percentile mean
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Figure 1: Cumulative distribution of the sign-error across subsets of environments for each gen-
eralization measure. The measures are ordered based on the mean across ‘All’ environments. A

completely white bar indicates that the measure is perfectly robust, whereas a dark blue bar indi-
cates that it completely fails to be robust.
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Beyond |.1.D. generalization
(classic, In-distribution)



.I.d. guantities
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No |.[.D assumption

e Performance degrades outside the training distribution
o Major challenge to deployment of ML models!

e Need better out-of-distribution (OOD) generalization!

e Humans are doing better in many regards for OOD generalization



Out-of-distribution
generalizaton

e Domain Adaptation
e Domain Generalization
e Adversarial Machine Learning
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Adversarial target-invariant representation
learning for domain generalization

Isabela Albuquerque, Joao Monteiro, Mohammad Darvishi,
Tiago Falk, loannis Mitliagkas
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Exciting modern ML applications

1. Out-of-distribution generalization
a. Meta: studying generalization
2. Performative prediction

3. Fairness in ML
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Elections!!

Election day
Nov 3rd
Y
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Predicting elections

— ELECTORAL VOTES -
— ELECTORAL VOTES - — ELECTORAL VOTES —

Bidenv' Trump

Bidenv’ Trump 389 149 Bidenv Trump

331 207 413 125

FiveThirtyEight



The result (Nov 5th)
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Why?

1. Polling iIn modern era iIs much harder
2. Closeted voters

3. “Underdog effect”
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Underdog effect

An underdog effect, on the other hand, could penalise the
leading candidate. This is because supporters think it’s a done
deal and don’t mobilise to vote (resting on their laurels) or
because the supporters of the trailing candidate are motivated by
the idea of losing (a back-to-the-wall effect).

A feedback loop from prediction back to the data distribution!
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PERFORMATIVITY

The concept of performativity, as developed in economic sociology (Callon,
1998;MacKenzie et al., 2007), directs our attention to the role of expert bodies of

knowledge (e.g., theories, formulae, models) in the functioning of the economy and
organizational life.

How ‘testable’ are the predictions/statements
produced by the body of expert knowiedge?
well-studied phenomenon in policy-making
but neglected in supervised learning.
within the ‘predicted environment'?

The distinction between ‘producers’ and ‘users’
of knowledge is done only for analytical purposes

Université f"'l

de Montréal



Performative Prediction

Juan C. Perdomo* Tijana Zrnic* Celestine Mendler-Diinner Moritz Hardt

“Predictions that support decisions,
may influence the outcome they aim to predict.”

Ok, that’s one more example of out-of-distribution
generalization!
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Performative Prediction

Special structure!
e Causality
e (Game-theoretic formulation

Stackelberg equilibria identified as
“performative optima”

Understanding of game theory and developing the right methodology
— CRITICAL
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Exciting modern ML applications

1. Out-of-distribution generalization
a. Meta: studying generalization
2. Performative prediction

3. Fairness in ML
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Fairness in ML

The Disparate Equilibria of Algorithmic Decision Making
when Individuals Invest Rationally

Lydia T. Liu Ashia Wilson Nika Haghtalab
University of California, Berkeley Microsoft Research Cornell University
Adam Tauman Kalai Christian Borgs Jennifer Chayes
Microsoft Research Microsoft Research Microsoft Research
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mtl-mlopt.github.io

MTL MLOpt
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Fairness in ML (Ashia Wilson)

Educational dynamics

[Coate and Lowry 1993]

Admissions Polic
Y Positions allocated by education policy

Institution
O Qualification rates
o-a ©
. oo I
eC@ O —m
o ® -
Y

@
il i
O Skilled

@ Not Skilled

Positions allocated by education policy
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Fairness in ML

Model

* 8. Coate and G. C. Loury. Will affirmative-action policies eliminate negative stereotypes? The American
Economic Review, 83(5):1220-1240, 1993.

}

ll Institution utility maximizing

Chooses qualification parameter @ to accept candidates according to
argLnax pn)ﬁl . P()A’” = 1, Y= ]) — cost -« P(?() —. 1, Y= 0)
[ ]

Individuals utility maximizing
Individuals acquire label Y = 1 if
wage (P(Yy=1|Y=1)—P(¥Yy=1|Y =0)) — costtoinvest > 0

\/
expectation investment will payofl’ (function of error)
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Fairness is hard

e Stable equilibria not balanced _
e Balanced states are not stable Fairness can be hard

* Suppose there exists a zero-error hiring policy for

each group separately but not together. Stable

E -t. t. but unbalanced Stable
. XCI Ing queS Ions : :bufunbalanced
¢ Our Result: Then 2 types of equilibria exist 0L
® e vivo
* Stable equilibria: only one group has the o 6: = O
optimal qualification rate (unbalanced) ‘ *:9;6
¢ Unstable equilibria: both groups have the ..
same qualification rate Balanced
but unstable

* Almost never converge to a “balanced” long term
outcome, even if you started close to one!
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*"Minimization to current Al Is

what min-max optimization is to
future Al”

--Costis Daskalakis



Structure of my talk

1. Applications
2. Methods

3. Open gquestions/discussion
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METHODS
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Negative Momentum for Improved
Game Dynamics

along with Gauthier Gidel, Reyhane Askari Hemmat, Mohammad
Pezeshki, Gabriel Huang, Remi Lepriol, Simon Lacoste-Julien
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Start with optimization
dynamics



Optimization

0* c argmin £9)(9)
6co

Smooth, differentiable cost function, L
> Looking for stationary (fixed) points
(gradient is O)
> Gradient descent
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Optimization

v(0) = VL9 (6)

Conservative vector field
9

Straightforward dynamics
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Gradient descent

v(0) = v£(9)(9) Fixed-point analysis

Conservative vector field Fn(e) =0 — 77’0(6’)

9
Straightforward dynamics | Jacobian of operator

0; 1 = 0; —nv(6y) VFU(O) = ] — nV'v(H)

Hessian of objective, L
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Local convergence

Theorem 1 (Prop. 4.4.1 Bertsekas [1999]). If the spectral radius pmax = p(VF,(w*)) < 1, then,
for wq in a neighborhood of w*, the distance of w; to the stationary point w* converges at a linear
rate ofO((Pmax + e)t) , Ve > 0.

Eigenvalues of op. Jacobian

Jacobian of operator
A(VE,(0)) =1 —nA(Vv(0))

If o(6*)=rax [A(6%)|<1, then VI (0) =1—-nVv(d)

fast local convergence Hessian of objective, L

Symmetric, real-eigenvalues
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Games

Nash Equilibrium

0" ¢ arg min £9(0, ©*)
0co

@* € argmin L9 (0%, ©)
PpEP

Smooth, differentiable L
> Looking for local Nash eq

» Gradient descent
> Simultaneous
> Alternating
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Game dynamics
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Game dynamics under gradient descent

Non-conservative vector field v
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Bilinear game

mine max, 0' A¢

Method 15, Bounded Converges
g eR X X
>0 X X
Alternated 0 v X
v v




“Proof by picture”

Gradient descent
> Simultaneous
> Alternating

Momentum
> Positive
> Negative




What happens in practice ?

Fashion MNIST:
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What happens in practice ?

i

CIFAR-10:

-0.8
0.68
0.57
-0.46
0.34
0.23

Momentum
(=]
o

i -3.5 -36 -3.8 -40 -4.2 -4.3 -4.5 4.6 -48 -5
e

Learning rate
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Negative Momentum

To sum up:
e Negative momentum seems to improve the behaviour due to
“bad” eigenvalues.
e Optimal for a class of games

e Empirically optimal on “saturating” GANs
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Linear Lower Bounds
and Conditioning
of Differentiable Games

Adam Ibrahim, Waiss Azizian, Gauthier Gidel, loannis Mitliagkas
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A Tight and Unified Analysis of
Extragradient for a Whole Spectrum
of Differentiable Games

along with Waiss Azizian, Gauthier Gidel, Simon Lacoste-Julien
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Accelerating Smooth Games by
Manipulating Spectral Shapes

along with Waiss Azizian, Damien Scieur,
Simon Lacoste-Julien, Gauthier Gidel
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Figure 1: Transformation of the spectral shape K (in
red from left to right) by the extragradient operator
@ : A= A(1—nA). Any ellipse (e.g. in blue) that con-
tains the transformed red shape ¢(K) provides a upper
convergence bound using extragradient with Polyak
momentum (with step-size and momentum that de-
pends on the ellipse parameters). Any ellipse included
in it (e.g. in green) provides a lower bound. See §3.4.
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Stochastic Hamiltonian Gradient
Methods for Smooth Games

Nicolas Loizou, Hugo Berard, Alexia Jolicoeur-Martineau,
Pascal Vincent, Simon Lacoste-Julien, loannis Mitliagkas
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LEAD: Least-Action

Dynamics for

Min-Max Optimization

Reyhane Askari Hemmat, Amartya Mitra, Guillaume Lajoie,
loannis Mitliagkas
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Structure of my talk

1. Applications
2. Methods

3. Open questions/discussion
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Multi-objective training of
Generative Adversarial Networks

Isabella Albuguerque, Joao Monteiro, T. Doan, B. Considine, T. Falk,
|. Mitliagkas
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OPEN QUESTIONS AND
DISCUSSION



Optimal methods

1. Convex-concave
2. Stochastic

3. Constrained
4

Non-convex, non-concave
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Notions of equilibria

e What's the point of Nash equilibria?
e LOLA (Foerster, 2019)

o Hints to Pareto semiorder of solutions
e Performative optima

e Stackelberg equilibria
e Domalin specific?
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Goldmine



ML N Game theory N Causality



Growing interest in ML and numerical
optimization community

SMOOTH GAMES
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Thank you kindly



